In this paper, we characterize the performance metrics of a multiuser multipolarized antenna system in a Rayleigh fading channel. We start by formulating a downlink system model that features a multiuser scenario in the presence of additive noise and a multipolarized antenna system; this is followed by evaluation of the outage probability in closed form. This is done by deriving the cumulative distribution function (CDF) of the signal-to-interference-plusnoise ratio using the approach of the ratio of indefinite quadratic forms. We thereby characterize the gradient of this CDF with respect to the combining vectors. Eventually, we obtain the optimum combining vectors by minimizing the outage probability via interior-point optimization technique. Simulation and theoretical results of our analysis are closely matched, which validates our analysis. Our findings suggest that the performance of the triple polarized antenna is better than that of the dual polarized antenna system for low signal-to-noise ratio (SNR) values in terms of outage probability; this situation, however, reverses for high SNR value.
Introduction
Multiple-input multiple-output (MIMO) systems often employ polarization diversity to increase spectral efficiency and link reliability in wireless communication systems. The use of multipolarized antennas at the transmitter and receiver results in compatibility and robustness of devices [1, 2] . High-quality multimedia streaming services require higher data rates, such as 8k ultra high definition, whereas virtual reality services also require high data rates. To fulfill these requirements, one can employ a large antenna array MIMO system; however, this will not be a cost-effective solution, besides the difficulty in incorporating a huge antenna array in handheld or compact devices. On the other hand, a multipolarized antenna system has a low correlation even if it is co-located and hence it can be the best solution for realizing compact and robust devices [3] . Incorporation of dual polarized (DP) and triple polarized (TP) antennas with MIMO systems is also a strong candidate for existing and the upcoming fifth generation (5G) wireless communication systems [4, 5] . It is to be noted here that the work in [4] makes use of TP antennas to utilize an extra degree of freedom and high data rates. modeled by small-scale fading, large-scale fading, and the cross-polarization effect of multipolarized antennas. In order to understand the performance of multipolarized antennas, considerations of cross-polarization discrimination (XPD) and cross-correlation coefficients are important factors. Specifically, the XPD is an essential parameter defined as the ratio of the average power received in a co-polarized channel to the average power received in a cross-polarized channel [6] , whereas the cross-correlation coefficient is a measure of the correlation between signals appearing at the antenna array with the same or different polarizations. In related works, the authors in [7] provided a comparison of several multipolarized MIMO models and also presented some useful results in terms of channel capacity. In [8] , the authors showed that the use of polarization diversity with a combining method enhances the capacity of wireless communication systems. Oestges et al. in [1] studied the advantages of using DP antenna arrays in a multiple channel environment. In [9] , the authors considered channel state information (CSI) at the transmitter and presented a solution for beamforming design with partial CSI feedback in a DP MIMO system. The authors in [10] proposed a precoding scheme in which the XPD, spatial correlations, and CSI quality are utilized for multiuser multipolarized massive MIMO systems, and their extension in [11] presented a precoding scheme that reduces the CSI feedback in a multiuser DP MIMO system. The authors in [12] proposed a spatial division multiple access scheme by utilizing DP antenna arrays at the BS for a massive MIMO system operating in a 3D scenario and the results revealed that the proposed scheme increases the throughput of the system by utilizing DP antennas when compared to single polarized antennas.
More recently, the authors in [13] proposed a CSI feedback scheme called layered multipath information-based CSI feedback to achieve high spectrum efficiency for DP systems.
It is noteworthy that there exists only a limited number of works [2, 4] in the literature that deal with the comparative analysis of DP and TP antenna systems. Specifically, the authors in [2] investigated the performance of DP and TP antenna systems based on experimental results for channel capacity. However, they used a simulation setup in their investigation to compare the experimental work and did not provide a closedform expression. Moreover, the work in [4] dealt with the comparison of DP and TP antenna systems based on joint transmit and receive antenna selection and presented several results in terms of outage probability (OP).
However, that work did not include a multiuser environment. An indefinite quadratic form-based approach was recently applied to OP characterization in [14, 15] without considering multipolarized antennas and receive gain combining techniques. To the best of the authors' knowledge, the performance metrics in terms of the OP without CSI at the transmitter have not been investigated for multiuser multipolarized antenna systems and their special cases such as DP and TP systems.
Our major contributions in the proposed work are in:
(1) Providing a closed-form solution of OP in a multiuser multipolarized antenna system in a downlink scenario without considering CSI at the transmitter.
(2) Depicting a comprehensive comparative analysis of DP and TP antenna systems and investigating a suitable signal-to-noise ratio (SNR) range in which the DP antenna system outperforms the TP antenna system and vice versa. Note that supervised precoding can only be done at the transmitter provided that the CSI is available therein, which is not true in our case. More precisely, in our case, we consider a blind technique that requires only statistical CSI (instead of instantaneous CSI) to design the optimum combiner at the receiver.
After this introduction, in Section 2, we present a system model for the downlink scenario. In Section 3, a review of DP and TP channels is provided. In Section 4, the OP of the multiuser multipolarized antenna system for the downlink scenario is derived. Section 5 provides the adaptive combining design for downlink with DP and TP antennas. In Section 6, simulation results are compared with derived expressions. Finally, Section 7 illustrates our conclusion.
In the notation, all lowercase letters represent scalars, all lowercase letters with bold font represent vectors, and all uppercase boldface letters represent matrices. The notations ( ) * and ( ) H represent the conjugate and conjugate transposition, respectively, and E{.}denotes expectation and Tr(.) represents the trace operator.
System model
We consider a downlink environment in which a single BS is broadcasting a data stream to L users through a polarized channel H i as shown in Figure 1a . The data received by the ith user are given as
Base Stat on User 
As a result, the SINR in Eq. (3) can be simplified as:
The aim here is to derive the OP using the above SINR expression and then to use it in designing adaptive combining weights w i . Before proceeding to these tasks, we first present the channel model for DP and TP antennas.
Overview of dual and triple polarized channel models
In this section, we provide a brief overview of the dual and triple polarized channel models and also define several parameters that are later used in this work. In this paper, we assume that the data signals are transmitted and received through the same polarization scheme. Interlinks between the sets of DP and TP antenna employed at the transmitter and receiver are shown in Figure 1b and Figure 1c .
Dual polarized channel model
For the DP antenna system, the channel matrix H i has elements that are complex Gaussian random variables with zero mean as given in [17] and reproduced herein as:
The channel matrix is represented in terms of horizontal (h) and vertical (v) polarizations, such that elements h h,v andh v,h correspond to the cross-polarized components (horizontal to vertical and vertical to horizontal polarization of waves) and elementsh h,h andh v,v are co-polarized components (horizontal to horizontal and vertical to vertical polarization of waves). Herein, we use the model provided by Bolcskei et al. in [16] and also take useful insights from Habib et al. [4] and Coldrey [5] . We express XPD as XP D =
1−α α
, which is defined as the ratio of the average power received in a co-polarized channel to the average power received in a cross-polarized channel, whereas α is the ability of the antenna to separate orthogonal polarized waves and describes the joint effect of antenna characteristics and channel. The coefficient α has the range of 0 <α≤ 1 . Smaller values of α give perfect discrimination between vertical and horizontal polarized components and vice versa. Furthermore, the experimental data from [18, 19] explain that the elements of the matrix are correlated;
thus, for the DP system, the correlation coefficients are [16] :
where t is the transmit correlation coefficient and r is the receive correlation coefficient.
It is noteworthy that the experimental results [18, 19] reveal that the correlation between off-diagonal elements and diagonal elements of the channel matrix is very small, i.
Eventually, by using these correlation values, the covariance matrix
} of DP system can be expressed as:
Triple polarized channel model
It is well known in the research community that in order to have an additional degree of freedom, a TP system can be used. This is done by introducing a polarized antenna in the z-direction at both the transmitter and receiver and it is orthogonal to both the DP antennas in x-and y-directions. The TP system channel matrix H i can be written as [4] :
where the components of the channel matrixh v,v ,h h,h ,andh z,z are the co-polarized components and the
are the cross-polarized components. Furthermore, crosscorrelation coefficients for TP antennas are given by [20] :
The model provided by Habib et al. [8] for a TP system has the following considerations:
The XPD for the TP channel can be represented as
, where the α1 + α2 range is < (α1 + α2) ≤ 1. The covariance matrix R i for TP systems can be written as
, where R i is a 9 × 9 matrix, which can be represented as:
Outage probability of multiuser multipolarized antenna system
In this section, we provide the OP in a closed-form expression for the downlink scenario with multipolarized antennas. Using the SINR given in Eq. (4), the cumulative distribution function (CDF) representing the OP for the ith user based on a given threshold γ denoted as F (γ i ) is [14] :
Substituting Eq. (4) in Eq. (10) yields
where u(.) is the unit step function and matrix D is defined as
We now express our first major result in terms of a closed-form solution for the CDF of OP in a downlink multiuser multipolarized antennas system as
where λ d represent the d th eigenvalue of matrix D and T is a variable indicating the total number of eigenvalues of matrix D.
Proof The proof of Eq. (13) is given in Appendix A. 2
Note that the expression remains the same for both dual and triple polarized antennas. However, matrix D will take distinct forms for distinct polarized antennas.
Adaptive combining design of multiuser multipolarized antenna system
In this section, we outline an optimal solution for the minimization of OP with respect to w i expressed in terms of an unconstrained optimization problem as:
The above optimization problem can be solved in multiple ways. The authors in [21] depicted a useful comparison of well-known optimization techniques, which included the interior-point method and sequential quadratic programming approach. We, however, use the former herein, i.e. the interior-point method, due to its faster convergence in the proposed work. The usefulness of the interior-point method has been applied in various engineering design problems [22, 23] . It is noteworthy that mathematical software such as MATLAB, R, and Mathematica give the designer an option to provide the gradient or Hessian of the objective function. In what follows, we provide the gradient of OP given in Eq. (13) in a closed form with respect to the elements of combining vector w i as follows:
where w ij represent the j th element of vector w i , andΣ dd represent the dth diagonal values of matrixΣ , whose definition follows:Σ 3 , and β l,1 are the partial fraction expansion coefficients used in Eq. (15) and defined herein as
(
Proof The proof of Eq. (15) is given in Appendix B. 2
In our case, the objective function defined in Eq. (14) gives a nonconvex optimization problem. It can produce local as well as global optimum solutions.
Simulation results
In this section, we validate the closed-form expression of the multipolarized downlink antenna system given in Eq. (13) (1) Show the effect of number of users on OP in both DP and TP antenna systems.
(2) Observe the effect of XPD coefficient and noise variance on OP.
(3) Investigate the extent of improvement in system performance by incorporating the interior-point optimization scheme.
In Figure 2 , we compare the simulation results with the analytical results for the downlink scenario for different users with DP and TP antennas by using noise variance of σ 2 i = 0.01, whereas other parameters are t = 0.4, r = 0.3, α = 0.5 for DP antennas and α 1 +α 2 = 0.5 for TP antennas. It is observed that the OP increases by increasing the number of users for both DP and TP antennas. This is due to the fact that an increase in the multipath number leads to an increase in intersymbol interference, which eventually results in the degradation of system performance.
In Figure 3a , we show the effect of XPD coefficient α 1 +α 2 on OP for TP antennas for different transmit correlation with r = 0, noise variance σ 2 i = 0.5, and L = 4. It is observed that OP is better at α 1 +α 2 = 0.9 when compared to α 1+α 2 = 0.15 for different values of transmit correlation. This is because the low XPD denotes significant leakage between the polarizations and the systems loses most of the energy due to polarization mismatch, whereas at high XPD the system achieves better performance. In Figure 3b , we compare the performance of DP and TP antennas with respect to different noise variances. It is noted that at high variance the TP antenna system outperforms the DP antenna system and this situation reverses for a low variance value. Now, based on the outcome of analytical and simulation results, a roadmap for future frontiers in the field can be made. In Figure 4 , we test the interior-point optimization scheme given in Section 4 on the OP metric on both DP and TP antenna systems. It is seen that optimization results of TP antenna systems are better enhanced as compared to the DP antenna system for the parameters set to r = 0.3, σ Lastly, in Figure 5a , the performance of DP and TP antenna systems is investigated in terms of OP versus SNR for a threshold value of γ = 0.3. It is observed that at this threshold, the DP antenna outperforms the TP antenna for most of the SNR range, while the TP polarized antenna performs better only for very low SNR values. This may be due to the fact that higher polarization order antennas can suffer from larger interference, which is more dominant at low SNR values. In Figure 5b , we show the performance of DP and TP antenna systems in terms of OP versus XPD for a threshold value of γ = 0.3 and at SNR equal to 13 dB. Since higher XPD means less cross-polarization interference, this improves the system performance. Therefore, both DP and TP performance improves by increasing the XPD.
Conclusion
In this work, we developed an adaptive combining technique for multiuser multipolarized antenna systems by minimizing the probability of outage. This was possible due to the closed-form characterization of outage probability. For the general scenario of the multiuser multipolarized antenna system, we provided a useful comparison of DP and TP antenna systems at different noise variances and investigated the cases in which the TP system outperforms the DP system and vice versa. Our investigation further helped to identify the SNR range in which DP or TP antennas can be more useful. This work provided a very useful foundation for multipolarized systems, which can be extended to multiuser multipolarized MIMO systems.
A. Proof of outage probability of downlink for multipolarized antennas.
In order to evaluate the multidimensional integral in Eq. (11) , we employ the approach given in [9, 24] . Sincẽ h i is a circular white Gaussian vector, the pdf ofh i is given as
Now we replace the unit step function in Eq. (11) by its Fourier representation [9] :
Therefore, the CDF of Eq. (11) can be expressed as By applying the residue theory defined in [25] to Eq. (A.2) and considering a case of distinct eigenvalue without repetition, we achieve Eq. (13).
B. Proof of Eq. (15).
From Eq. (11), the derivative for the j th element of vector w i formulates as
where I 1 formulates as
(B. 
